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Electrolytic conductivity, Debye-Hückel theory, and the Onsager limiting law
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A phenomenological relationship is proposed for electrolytic conductance that works well over a large range
of concentration. A comparison of this expression with the Onsager limiting law leads to a modified Debye
parameter for ordinary concentrations. The modified Debye parameter thus obtained is consistent with those
derived for the primitive model electrolytes.@S1063-651X~97!09903-0#

PACS number~s!: 61.20.Gy, 61.20.Qg, 82.45.1z, 66.10.Ed
so
o
e
g
or
n
d

n
ac

of
ve
g
ti
c-
-

in
a

o

ro
ffi

o
co
li

ti
d

n

iri
m
r’

een-

with
the
the
re-
at
-
een

ce

c-

as
I. INTRODUCTION

It has been observed for a long time that electrolytic
lutions placed in a measuring cell of either capacitive
inductive type of a radio-frequency circuit interact with th
electromagnetic field present there. This interaction chan
the oscillation conditions by altering both the oscillation
the resonance frequency and the amplitude of oscillatio
The temperature rise in the electrolyte sample can be
tected if the power is sufficient@1–3#. Radio-frequency titra-
tions, conductivity, and concentration determinatio
through radio-frequency interactions have been some pr
cal applications for the method@3–7#.

Inductive measuring cells exhibit two different types
interactions with electrolytic solutions, namely, inducti
coupling and capacitative coupling. The interaction throu
capacitative coupling may be eliminated by electrosta
screening@2,3#. Measurements of total conductivity loss fa
tors ~x9! and dispersion factors~x8! for an inductive measur
ing cell have been carried out usingRCL resonant circuits
@8–10#. Loss and dispersion factors for capacitative coupl
have been expressed in terms of coupling capacitance
solution resistance@8,10#. To get expressions forx9 and x8
depending only on solution concentration one has to kn
how solution resistance and equivalent conductance are
lated to concentration. The Onsager limiting law for elect
lytic conductance gives the latter, but it works only at su
ciently dilute concentrations@11,12#.

An empirical relation for the concentration dependence
equivalent conductance is given here that covers a large
centration range and eventually reduces to the Onsager
iting law for sufficiently dilute solutions. Thusx9 andx8 can
now be expressed as a function of the solution concentra
~g! and the data fitting forx9 is quite good. The propose
function fits the data for equivalent conductance@12,13# al-
most perfectly.

The Debye parameterk for the ionic atmosphere has a
important role for the electrolytic conductivity@11,12#. Com-
paring the Onsager limiting law expression with the emp
cal relation for equivalent conductance, a different para
eter, which we call here the ‘‘modified Debye paramete
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k8, can be introduced that seems to correspond to the scr
ing length@14#.

The primitive model and the Debye-Hu¨ckel theory for
electrolytes have been studied intensely and compared
experimental data. Several calculational methods for
primitive models give data that are in agreement with
Debye-Hückel theory and experiment, but they also are
stricted to limited concentrations and are accurate only
dilute solutions@14–18#. For all models and theories the con
centration dependence of the dielectric constant has not b
fully treated@16#.

II. EXPERIMENT

The loss and dispersion factors~x9 and x8, respectively!
due to capacitative coupling have been expressed as

x95
Cs

C0

vRsCs

11v2Rs
2Cs

2 ~1!

and

x85
Cs

C0

1

11v2Rs
2Cs

2 , ~2!

whereCs is the coupling capacitance andRs is the solution
resistance@8,10#. v is the angular frequency of resonan
andC0 is the resonance capacitance.

The solution resistance is

Rs5
1

s
j, ~3!

where s is the conductivity of the solution~in units of
V21 cm21! andj is the cell constant for the sample. Condu
tivity and equivalent conductance~L! are related by

s51023Lg, ~4!

whereg denotes the concentration of the solution~in units of
equiv cm23!. The equivalent concentration is defined
moles per cm3 multiplied by the ionic valence@12#. The so-
lution resistance~Rsm! for the maximum loss factor (xmax9 )
can be obtained by differentiating Eq.~1! as
2814 © 1997 The American Physical Society
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Rsm5
1

vCs
. ~5!

The cell constant may be determined by using Eqs.~3!–~5!
in terms of measurable quantities as

j5
1023Lmgm

vCs
, ~6!

whereLm andgm denote the equivalent conductance and
solution concentration forxmax9 .

The solution resistance can now be expressed using
~3!, ~4!, and~6! in terms of solution and circuit parameters

Rs5
Lmgm

LgvCs
. ~7!

Inserting Eq.~7! in Eq. ~1!, x9 will be

x95
Cs

C0

Lmgm /Lg

11@Lmgm /Lg#2
. ~8!

Although Eq.~8! shows an explicit dependence ofx9 ong, L
also varies with solution concentration, though not so rapi
and not known functionally, except for infinite dilution
which is the Onsager limiting law@11,12#.

Dependence of equivalent conductance on concentration

A general expression for equivalent conductance in te
of solution concentration should representL in a wide range
of concentration and reduce to the Onsager limiting law
high dilutions. The phenomenological relation

L5L0~11y!m ~9!

is proposed here to fulfill the requirements stated above; h
y5(g/g r)

1/2, m5const, andgr is a reference concentration
L0 being the equivalent conductance at infinite dilution.

Inserting Eq.~9! in Eq. ~8!, x9 is fully expressed in terms
of g as

x95k1
~11k1/2!2mk@11~bg!1/2#2m~bg!

~11k1/2!22m~bg!21k2@11~bg!1/2#22m , ~10!

wherek15Cs/C0 , b51/g r , andk5gm/g r . Data fitting with
Eq. ~10! for HCl solutions is shown in Fig. 1. The fitting
parameters arem520.127 andgr50.109 mole/liter. The pa-
rameterm evaluated in an alternative way by using Eq.~17!
gives m520.081, which is comparable with the forme
value within a limit of about 36%. Data forx9 denote the
sum of the capacitative and inductive losses and the func
in Eq. ~10! represents the capacitative loss only@9,10#. For
high concentrations the inductive coupling becomes do
nant and eddy losses dominate in that region, and for
points where inductive coupling is dominant the fit is poo

Equation ~9! is an empirical relation and represen
equivalent conductance data in a wide concentration ra
almost as perfectly as Fig. 2 depicts and it reduces to
Onsager limiting law for sufficiently dilute solutions. Equ
e
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tion ~9! is the main relation in this work.m andgr can be
determined for an electrolyte solution by fitting conductan
data with this equation. Equivalent conductance data for K
solutions@12,13# fitted with Eq.~9! are shown in Fig. 2, the
fitting parameters beingm520.187 andgr50.066 mole/
liter.

III. EMPIRICAL RELATION FOR EQUIVALENT
CONDUCTANCE AND THE ONSAGER LIMITING LAW

The Onsager limiting law for electrolytic conductanc
given as@12#

L5L02
uz1z2ue2

3«kT

L0qk

11q1/2
2

F2

6phN
~ uz1u1uz2u!k ~11!

FIG. 1. Concentration dependence of the capacitative loss
tor, g056 mole/liter. Equation~10! was used as the theoretica
curve. The experimental data were obtained as described in R
@9,10#. The fitting parameters arem520.127 andgr50.109 mole/
liter. Data for inductive loss factors are dominant for high conce
trations as the right-hand side of the figure shows.

FIG. 2. Dependence of equivalent conductance on the solu
concentration for KCl. Equation~9! was used as the theoretica
curve and the experimental data were taken from Refs.@12,13#. The
fitting parameters arem520.187 andgr50.066 mole/liter.
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can be expressed for 1-1 electrolytes in a compact form

L5L0~12kd!, ~12!

wherek is the Debye parameter, and is expressed as

k5S 8pe2Ng

«kT D 1/2, ~13!

and d is a constant having dimension of length and is e
pressed as

d5
e2a

3«kT
1

F2

3phNL0
, ~14!

where all quantities on the right-hand side are consta
@11,12#: e is the electronic charge,« the dielectric constan
of the solvent~4p«0«r in SI units!, k Boltzmann’s constant
T the absolute temperature in Kelvin,F Faraday’s constant
h the viscosity coefficient of the solvent,N Avogadro’s
number, andL0 equivalent conductance at infinite dilution.a
is a constant depending on ionic parameters defined asa5q/
(11Aq) andq is defined as

q5
uz1uuz2u~l1

01l2
0!

~ uz1u1uz2u!~ uz2ul1
01uz1ul2

0!
, ~15!

wherez denotes ionic valence andl0 denotes limiting ionic
equivalent conductance@12#. Equation~14! givesd50.82 Å
for KCl andd50.74 Å for HCl. These values agree with th
ionic diameters given in Ref.@12#.

The empirical relation for equivalent conductance, E
~9!, opened in series will be

L5L0$11my@11~m21!y/2!1~m21!~m22!y2/3!

1•••#%, ~16!

which will reduce to the Onsager relation forg!gr . Com-
paring with Onsager’s equation,m is determined as

m52k rd, ~17!

where kr refers to the Debye parameter for the referen
concentration. Inserting the value form in Eq. ~16!, the
equivalent conductance becomes

L5L0$12kd@11~m21!y/2!1~m21!~m22!y2/3!

1•••#% ~18!

for all concentrations. This equation may be put in the fo

L5L0~12k8d!, ~19!

which has the same structure as Onsager’s, Eq.~12!, where
k8 is defined as
s

-

ts

.

e

k8[k@11~m21!y/2!1~m21!~m22!y2/3!1•••#
~20!

and will be called the modified Debye parameter in analo
with the Debye parameter.

The modified Debye parameterk8, defined by Eq.~20!,
can be put in a compact form for the whole concentrat
range as

k85k$@ f ~y!21#/my%, ~21!

where f (y)5(11y)m, or

k85
1

d
@12~11k/k r !

2krd#. ~22!

k8 reduces tok for highly diluted solutions. For sufficiently
dilute solutionsk8 can be expressed as

k85kY F11~kd!~121/m!2
~kd!2

3
~121/m!~122/m!

1
~kd!3

12
~121/m!~122/m!~123/m!G1/2. ~23!

This expression is similar to the one obtained for primiti
model electrolytes@14#.

IV. RESULTS AND DISCUSSION

Equivalent conductance data for electrolytic solutio
have been expressed by a phenomenological relation
wide range of concentration, Eq.~9!. For sufficiently dilute
solutions, this relation converges to the Onsager limiting l
Eq. ~12! and the phenomenological powerm was determined
asm52k rd, wherekr is the Debye parameter for the re
erence concentration andd corresponds to the ionic diamete
mentioned in previous works@12,14#.

Equation~9! can be put in the form of the Onsager limi
ing law but with the modified Debye parameterk8 defined by
Eq. ~20! replacing the usual Debye parameterk. The modi-
fied parameter reduces to the usual one for sufficient d
tion. An expression of the modified parameterk8 for dilute
solutions, Eq.~23!, is similar to that derived for the primitive
model electrolytes@14#. The decay length~1/k8! is an impor-
tant parameter in describing physical and chemical proper
of electrolyte solutions such as conductivity and osmotic a
activity coefficients.

The ionic charge for the central ion and the decay len
given by theoretical treatments based on ionic correlati
differ from the bare ionic charge and the Debye length. T
decay length depends on the effective ionic charge, wh
reduces to the bare ionic charge for sufficient dilution. Th
the decay length also becomes the Debye length@14,16#.

It is now expected that Eq.~22!, a phenomenological re
lation for the modified Debye parameter in terms of ion
and solution parameters, can be derived from purely theo
cal considerations. A self-consistent theory to explain
behavior of electrolytes for the whole concentration range
still awaited@19#.
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